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We illustrate for a set of small hydrocarbons, CH4, C2H4, C3H6 and C3H8, the important role
of the electric dipole polarizability tensor and its geometric derivatives in theoretical models
of electron energy-loss spectra (EELS). The coupled cluster linear response method together
with Sadlej’s polarized valence triple zeta basis set of atomic orbitals were used to calculate
the polarizabilities and polarizability gradients. Incorporation of these ab initio data into the
discrete momentum representation method (DMR) leads to perfect agreement between the-
ory and collision experiments.
Keywords: Geometric derivatives of the electric dipole polarizability tensor; Coupled clusters
linear response method; Electron energy-loss spectra; Discrete momentum representation
method; DFT calculations; Hydrocarbons.

The discrete momentum representation (DMR) method1,2 proved to be an
efficient tool for theoretical studies of electron-molecule collisions namely
at higher collision energies (above 10 eV). However at lower collision ener-
gies, where correlation forces play a dominant role, the DMR method pre-
dicted lower cross sections with resonance positions shifted to higher
energies. The incorporation of a local correlation-polarization potential
into the DMR method, recently suggested by Čuřík et al.3, improved the
performance of the method substantially and extended its applicability to-
wards lower energies. For the construction of this correlation-polarization
potential the authors proposed to use a short-range density functional the-
ory (DFT) based correlation interaction that is smoothly connected to the
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well-known asymptotic form defined by the molecular polarizability tensor.
Furthermore, derivatives of the polarizability tensor with respect to the nu-
clear positions are required in order to build in the coupling between vibra-
tional channels2. Polarizabilities as well as polarizability gradients can
conveniently be obtained from various polarization propagator4–6 or linear
response function methods7,8. In this article we present for the series of
small hydrocarbons, methane, ethene, cyclopropane and propane the nec-
essary polarizability and polarizability gradient tensor components which
were obtained from the coupled cluster singles and doubles linear response
function8 (CCSD-LR) using Sadlej’s polarized valence triple zeta basis set
(Sadlej-pVTZ)9. To our knowledge this is the first time that correlated values
of the polarizability gradients with respect to nuclear cartesian coordinates
are reported for these molecules. Furthermore we illustrate for methane and
cyclopropane how crucial for good agreement with the EELS experiments it
is to included the local correlation-polarization potential and thus the
polarizability and its gradients in the DMR method.

METHODOLOGY

Calculation of Polarizability Gradient Tensor

Linear response methods at various levels of accuracy from self-consistent
field (SCF) linear response theory7,10 and time-dependent density func-
tional theory (TD-DFT)11 to the second order polarization propagator ap-
proximations, SOPPA 12–16 and SOPPA(CCSD)15–17, multi-reference self-
consistent-field linear response theory7 and coupled cluster linear response
theory8,18 provide electromagnetic molecular properties that are able to
meet continuously increasing experimental demands. Their application is
only limited by the size of the molecular system and the available computer
power. Correlated calculations of the electric dipole polarizability tensor are
thus a common task for molecules in the ground electronic states, while
calculations of polarizability gradients are found less frequently due to the
computational cost. Polarizability gradients are otherwise required for the
calculation of Raman intensities19. Normally they are obtained by numeri-
cal differentiation as e.g. implemented in the Dalton quantum chemistry
program20,21 at the SCF, MCSCF and DFT level, although at least one ana-
lytical implementation at the SCF level has been presented22.

Recently, Vidal and Vazquez23 have presented a very thorough study of
the effects of all aspects of ab initio calculations of Raman intensities in
small molecules such as the level of theory, basis set, step length in the
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numerical differentiation and convergence thresholds. They concluded
that calculations at the level of CCSD-LR are able to reproduce experimen-
tal values and that basis sets of polarized valence triple zeta quality like
Dunning’s aug-cc-pVTZ 24 are necessary. On the other hand, for calcula-
tions on larger molecules, such as the series of hydrocarbons treated here,
they and other studies15,25 suggest using Sadlej’s polarized valence triple
zeta basis sets9 as best compromise between the computational demands
and the accuracy of the results. We have therefore also employed Sadlej’s
basis set in the current work.

The gradients of the polarizability tensor components were evaluated nu-
merically using a two-point formula, illustrated here for the xx component
of polarizability tensor with respect to the x cartesian coordinate of nucleus A

δα
δ

α α
xx xx xx

x

R x R x

xA

eq A eq A

A

=
+ − −( ) ( )∆ ∆

∆2
(1)

where Req denotes the equilibrium geometry. As displacement ∆xA we have
chosen 0.0002 a.u. The numerical stability of this choice was tested for the
CH4 molecule by varying ∆xA from 0.0002 to 0.001 a.u. This value is in
agreement with the findings of Rizzo and Pecul26 and Vidal and Vazquez23.
Before embarking on CCSD-LR calculations at all the distorted geometries,
we have determined the minimal number of unique derivatives required by
using the automated calculation at the SCF level implemented in the quan-
tum chemistry program20,21. Due to the molecular symmetry, the number
of necessary calculations is reduced by about 50% comparing with the com-
plete set of displacements.

The bond distances for which the dipole polarizabilities and their deriva-
tives have been evaluated slightly differ from the experimental equilibrium
geometries. This small difference is necessary for consistency with the scat-
tering model. The DMR scattering method treats the molecule at the SCF
level and therefore we have employed equilibrium geometries (Table I) op-
timized with Sadlej’s basis set at the SCF level.

Construction of DFT Hybrid Potential for EELS

The original DMR method1,2 approximated the electron-molecule interaction
with a static and exchange (SE) contributions. This can be compared with
the SCF level of calculations in quantum chemistry. The lack of correlation
interaction hindered its use for lower collision energies, i.e. energies com-
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parable with the affinities of temporarily negative ions. Several electron-gas
models for a potential that includes both correlation and polarization ef-
fects in electron-molecule scattering problems were proposed by Perdew
and Zunger27, O’Connell and Lane39 and Padial and Norcross28. In contrast
to most of the DFT potentials used in quantum chemistry these models do
not contain exchange interaction and they are based on a hybridization of
the local electron-gas theory for short distances and the asymptotic form of
the polarization potential as
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TABLE I
Cartesian coordinates (in nm) optimized at the SCF level with Sadlej’s polarized valence tri-
ple zeta basis seta

Molecule Atom x y z

CH4 C 0.00000 0.00000 0.00000

H1/H2 0.06269 ±0.06269 0.06269

H3/H4 –0.06269 ±0.06269 m0.06269

C2H4 C1/C2 ±0.066108 0.000000 0.000000

H1/H2 0.122875 ±0.092569 0.000000

H3/H4 –0.122875 m0.092569 0.000000

C3H6 C1 0.000000 0.087688 0.000000

C2/C3 ±0.075940 –0.043844 0.000000

H1/H2 0.000000 0.146299 ±0.089873

H3/H4 0.126698 –0.073149 ±0.089873

H5/H6 –0.126698 –0.073149 ±0.089873

C3H8 C1 0.000000 0.000000 0.059036

C2/C3 0.000000 ±0.127959 –0.026248

H1/H2 m0.086955 0.000000 0.123936

H3/H4 0.000000 ±0.216687 0.036027

H5/H6 ±0.087638 0.132002 –0.090035

H7/H7 m0.087638 –0.132002 –0.090035

a The notation A/B together with the ± and m signs implies that atom A has the cartesian co-
ordinate with the upper sign, whereas atom B has the lower sign.



where r0 is a matching radius where Vc = Vp and αij is the static polariz-
ability tenor of the molecule. In the above equation Vp is spherically sym-
metric in the case of the methane molecule. However, for less symmetric
molecules the whole polarizability tensor αij has to be taken into account.
The Vcp potential in Eq. (2) is energy independent and very simple to apply,
it depends only on the molecular charge density and polarizabilities. For its
short-range part Vc we followed the conclusions of Padial and Norcross28 by
choosing the form of Perdew and Zunger27
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where the constants are γ = –0.1423, β1 = 1.0529, β2 = 0.3334 and the radius
of a unity charge rs is a function of the bound-electron density ρ(r)
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In order to calculate the vibrational coupling matrix elements (see ref.2)
we also need to evaluate derivatives of Vcp with respect to nuclear coordi-
nates. This leads to the necessity of knowing the derivatives of the dipole
polarizabilities in Eq. (2) and through Eqs (3) and (4) also the derivatives of
the electron density ρ(r).

RESULTS AND DISCUSSION

Electric Dipole Polarizability and Polarizability Gradients

In Table II we show the components of the electric dipole polarizability
tensors of methane, ethene, cyclopropane and propane calculated with the
CCSD linear response function and Sadlej’s polarized valence triple basis set
at the reference geometry given in Table I. We can compare our CCSD-LR
results with other recent correlated calculations for methane15,29 and
ethene15,30–32. Comparison with experimental or experiment based val-
ues33,34, on the other hand, is not meaningful, because zero-point vibra-
tional corrections are not included in our values.
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TABLE II
Components of the electric dipole polarizability tensor (in a.u.) obtained at the CCSD-LR
level with Sadlej’s polarized valence triple zeta basis set

Molecule αxx αyy αzz

CH4 16.41 16.41 16.41

C2H4 34.15 25.10 21.72

C3H6 37.81 37.81 32.84

C3H8 37.09 44.05 39.19

TABLE III
CH4 derivatives (in a.u.) of the electric dipole polarizability tensor with respect to atomic
cartesian coordinates, obtained at the CCSD-LR/Sadlej-pVTZa

αxx αxy αxz αyy αyz αzz

∂
∂xC

0.00 0.00 0.00 0.00 –5.15 0.00

∂
∂yC

0.00 0.00 –5.15 0.00 0.00 0.00

∂
∂zC

0.00 –5.15 0.00 0.00 0.00 0.00

∂
∂xH1 / H2

2.82 ±1.33 ±1.33 1.85 1.29 1.85

∂
∂yH1 / H2

±1.85 1.33 1.29 ±2.82 ±1.33 ±1.85

∂
∂zH1 / H2

1.85 1.29 1.33 1.85 1.33 2.82

∂
∂xH3 / H4

–2.82 ±1.33 m1.33 –1.85 1.29 –1.85

∂
∂yH3 / H4

±1.85 –1.33 1.29 ±2.82 m1.33 ±1.85

∂
∂zH3 / H4

m1.85 1.29 –1.33 m1.85 ±1.33 m2.82

a The notation ∂
∂iA /B

together with the ± and m signs implies that the derivative with respect

to the i coordinate of atom A has the upper sign, whereas the derivative with respect to

atom B has the lower sign.



The agreement between our CCSD-LR value, 16.41 a.u., for the static
polarizability of methane and the CCSD(T) value of 16.39 a.u., obtained by
Maroulis29 with a large non-standard basis set, is excellent. The same holds
also for ethene, where our CCSD-LR values for the isotropic and anisotropic
polarizability, 26.99 and 7.87 a.u., are in perfect agreement with the
CC3/t-aug-cc-pVTZ values, 26.95 and 7.73 a.u., of Hald et al.31 or the
CCSD(T)/d-aug-cc-pCVTZ values, 26.98 and 7.75 a.u., of Raballand et al.32.

We are not aware of any correlated calculations of the polarizability of
cyclopropane or propane nor of any published values for the derivatives of
the polarizability tensor with respect to cartesian nuclear coordinates. Ta-
bles III–VI report therefore, to our knowledge, for the first time correlated
values of the components of the electric dipole polarizability gradients for
all the four molecules included in our study. They were again obtained at
the CCSD-LR/Sadlej-pVTZ level of theory.

Due to the lack of correlated literature values we have carried out a lim-
ited correlation study for the polarizability gradients ourselves. In the case
of C2H4 we could afford to carry out finite field CCSD(T) calculations35 but
have observed only insignificant changes in the order of 1–2%. We con-
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TABLE IV
C2H4 derivatives (in a.u.) of the electric dipole polarizability tensor with respect to atomic
cartesian coordinates, obtained at the CCSD-LR/Sadlej-pVTZ levela

αxx αxy αxz αyy αyz αzz

∂
∂xC1 / C2

±5.73 0.00 ±5.21 –2.23 0.00 ±7.42

∂
∂yC1 / C2

0.00 m4.01 0.00 0.00 0.00 0.00

∂
∂zC1 / C2

0.00 0.00 0.00 0.00 0.00 0.00

∂
∂xH1 / H2

4.03 ±1.93 0.00 2.50 0.00 0.50

∂
∂yH1 / H2

±3.01 3.50 0.00 ±5.24 0.00 ±1.07

∂
∂zH1 / H2

0.00 0.00 –0.06 0.00 ±0.48 0.00

∂
∂xH3 / H4

–4.03 m1.93 0.00 –2.50 0.00 –0.50

∂
∂yH3 / H4

m3.01 –3.50 0.00 m5.24 0.00 m1.07

∂
∂zH3 / H4

0.00 0.00 0.06 0.00 m0.48 0.00

a See the footnote of Table III.



sider therefore the CCSD-LR values in Tables III–VI essentially to be con-
verged with respect to electron correlation.

In order to provide accurate polarizability gradients also for larger mole-
cules, we have to consider other methods than CCSD-LR which becomes
too demanding with increasing molecule size. A less demanding alternative
could be the SOPPA(CCSD) method17, which has been shown to give fre-
quency dependent polarizabilities and van der Waals coefficients in close
agreement with CCSD-LR 15–17,36 as well as NMR spin-spin coupling con-
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TABLE V
C3H6 derivatives (in a.u.) of the electric dipole polarizability tensor with respect to atomic
cartesian coordinates, obtained at the CCSD-LR/Sadlej-pVTZ levela

αxx αxy αxz αyy αyz αzz

∂
∂xC1

0.00 5.00 0.00 0.00 0.00 0.00

∂
∂yC1

3.27 0.00 0.00 4.81 0.00 –2.42

∂
∂zC1

0.00 0.00 0.00 0.00 –4.36 0.00

∂
∂xC2 / C3

±6.01 0.68 0.00 ±0.98 0.00 m2.09

∂
∂yC2 / C3

1.57 ±2.52 0.00 –5.60 0.00 1.21

∂
∂zC2 / C3

0.00 0.00 m3.78 0.00 2.18 0.00

∂
∂xH1 / H2

0.00 –0.02 ±0.38 0.00 0.00 0.00

∂
∂yH1 / H2

0.32 0.00 0.00 4.54 ±2.15 2.50

∂
∂zH1 / H2

±1.17 0.00 0.00 ±3.74 3.46 ±4.49

∂
∂xH3 / H4

3.01 –1.59 ±1.71 1.20 m0.77 2.16

∂
∂yH3 / H4

–1.76 0.91 m0.77 –0.67 ±0.82 –1.25

∂
∂zH3 / H4

±3.01 m1.12 3.00 ±1.81 –1.73 ±4.49

∂
∂xH5 / H6

–3.01 –1.59 ±1.71 –1.20 ±0.77 –2.16

∂
∂yH5 / H6

–1.76 –0.91 ±0.77 –0.67 ±0.82 –1.25

∂
∂zH5 / H6

±3.01 ±1.12 –3.00 ±1.81 –1.73 ±4.49

a See the footnote of Table III.
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TABLE VI
C3H8 derivatives (in a.u.) of the electric dipole polarizability tensor with respect to atomic
cartesian coordinates, obtained at the CCSD-LR/Sadlej-pVTZ levela

αxx αxy αxz αyy αyz αzz

∂
∂xC1

0.00 0.00 –6.44 0.00 0.00 0.00

∂
∂yC1

0.00 0.00 0.00 0.00 4.42 0.00

∂
∂zC1

–5.15 0.00 0.00 5.12 0.00 –3.02

∂
∂xC2 / C3

0.00 m0.97 5.41 0.00 0.00 0.00

∂
∂yC2 / C3

m0.38 0.00 0.00 m1.11 –4.62 m0.46

∂
∂zC2 / C3

5.02 0.00 0.00 –5.82 m1.17 1.54

∂
∂xH1 / H2

m4.62 0.00 3.46 m1.71 0.00 m3.29

∂
∂yH1 / H2

0.00 m0.89 0.00 0.00 0.21 0.00

∂
∂zH1 / H2

2.63 0.00 m2.32 0.42 0.00 4.20

∂
∂xH3 / H4

0.00 ±1.19 –0.04 0.00 0.00 0.00

∂
∂yH3 / H4

±1.21 0.00 0.00 ±7.64 2.56 ±2.04

∂
∂zH3 / H4

0.38 0.00 0.00 4.20 ±2.10 2.21

∂
∂xH5 / H6

±4.67 1.04 –2.81 ±1.91 m0.69 ±2.66

∂
∂yH5 / H6

0.30 ±0.84 m0.10 0.53 –0.18 0.08

∂
∂zH5 / H6

–2.73 m0.45 ±1.95 –0.68 0.86 –3.22

∂
∂xH7 / H8

m4.67 –1.04 –2.81 m1.91 m0.69 m2.66

∂
∂yH7 / H8

–0.30 m0.84 m0.10 –0.53 –0.18 –0.08

∂
∂zH7 / H8

–2.73 m0.45 m1.95 –0.68 –0.86 –3.22

a See the footnote of Table III.
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TABLE VII
C3H8 derivatives (in a.u.) of the electric dipole polarizability tensor with respect to atomic
cartesian coordinates, obtained at the SOPPA(CCSD)/Sadlej-pVTZ levela

αxx αxy αxz αyy αyz αzz

∂
∂xC1

0.00 0.00 –6.48 0.00 0.00 0.00

∂
∂yC1

0.00 0.00 0.00 0.00 4.55 0.00

∂
∂zC1

–5.14 0.00 0.00 5.26 0.00 –2.97

∂
∂xC2 / C3

0.00 m0.99 5.43 0.00 0.00 0.00

∂
∂yC2 / C3

m0.36 0.00 0.00 m1.01 –4.70 m0.40

∂
∂zC2 / C3

5.01 0.00 0.00 –5.94 m1.15 1.51

∂
∂xH1 / H2

m4.56 0.00 3.45 m1.68 0.00 m3.29

∂
∂yH1 / H2

0.00 m0.84 0.00 0.00 0.18 0.00

∂
∂zH1 / H2

2.60 0.00 m2.30 0.41 0.00 4.12

∂
∂xH3 / H4

0.00 ±1.15 –0.06 0.00 0.00 0.00

∂
∂yH3 / H4

±1.17 0.00 0.00 ±7.57 2.54 ±2.01

∂
∂zH3 / H4

0.37 0.00 0.00 4.24 ±2.08 2.21

∂
∂xH5 / H6

±4.60 1.05 –2.79 ±1.88 m0.71 ±2.65

∂
∂yH5 / H6

0.29 ±0.80 m0.09 0.50 –0.15 0.06

∂
∂zH5 / H6

–2.71 m0.46 ±1.93 –0.67 0.85 –3.15

∂
∂xH7 / H8

m4.60 –1.05 –2.79 m1.88 m0.71 m2.65

∂
∂yH7 / H8

–0.29 m0.80 m0.09 –0.50 –0.15 –0.06

∂
∂zH7 / H8

–2.71 m0.46 m1.93 –0.67 –0.85 –3.15

a See the footnote of Table III.



stants in excellent agreement with experiment37. In particular isotope ef-
fects as well as temperature shifts in the NMR spin-spin coupling constants,
which both depend on the coupling constant gradients, could be repro-
duced with SOPPA(CCSD)38.

In Table VII we present therefore polarizability gradients for propane
obtained at the SOPPA(CCSD)/Sadlej-pVTZ level. Comparison with the
CCSD-LR results in Table VI shows very good agreement between both ap-
proaches. The maximum deviation is 0.14 a.u. or 2.7%, while the mean
and mean absolute devations are only –0.01 and 0.03 a.u., respectively. Al-
though these are only results for one molecule, one can expect a similar
good performance for other larger hydrocarbons, which makes SOPPA(CCSD)
also for this property, i.e. the polarizability gradients, an interesting alter-
native to CCSD-LR, because it has a better relation between accuracy and
computational effort.

Spectra and Impact of the DFT Hybrid Potential

Figure 1 shows the calculated electron energy-loss spectra (EELS) for the
methane molecule obtained by two approaches. The broken curve shows
the results when correlation-polarization forces were omitted, while the full
curve represents the calculated spectra with the hybrid form of correlation
as summarized in Eqs (2) and (3). The left panel displays data for a collision
energy Ec = 5 eV and the right panel is for Ec = 20 eV. The spectra clearly
show two distinct bands. The deformation band around the energy loss of
180 meV made of the ν2 and ν4 modes and the stretch band around
360 meV formed by the ν1 and ν3 modes. Our calculated spectra were ob-
tained as follows: the calculated cross-sections, which would predict spectra
with zero width, were spread with an energy width determined from the
elastic peak (the peak with the zero energy loss) of the measured spectra.
We used a normalized Lorentzian shape to mimic the experimental data.

It can be noticed that for the higher collision energies the effect of the
correlation interaction is very weak as the bound molecular orbitals have
a shorter time to respond to the presence of the external field brought by
the scattering electron. However, in the case of Ec = 5 eV the impact of
correlation-polarization forces is dramatically visible. It is clear that proper
incorporation of such forces becomes essential for describing electron-
molecule dynamics at lower energies.

Figure 2 summarizes the EELS for the cyclopropane molecule. Again the
comparison between the uncorrelated and correlated results is given for a
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FIG. 1
Computed and measured electron energy-loss spectra of methane for a scattering angle ϑ =
90°. Collision energy Ec = 5 eV (a) and Ec = 10 eV (b). The broken curve represents calculated
results in absence of the correlation-polarization forces while the full curve displays spectra
with the present model for the correlation-polarization interaction. Experimental data were
measured by Allan3 (2008)

FIG. 2
Computed and measured electron energy-loss spectra of cyclopropane for a scattering angle ϑ
= 30°. Collision energy Ec = 5.5 eV. Calculated results in absence of the correlation-polarization
forces (– – –), spectra with the present model for the correlation-polarization interaction
( ). Experimental data were taken from Allan and Andric40 (1996)

a b



low collision energy of Ec = 5.5 eV. In this case the vibrational structure is
richer with two major bands. The lower band (100–200 meV) is formed by
the C–C vibrations and the C–H deformation modes. The upper band
(around 370 meV) consists of C–H stretch modes. The weak band filling the
space between these two major bands is attributed to the overtones of the
lower band and therefore it is absent in the DMR calculations as DMR ne-
glects the overtones completely. Also for the cyclopropane molecule we no-
tice again the dramatic effects of the correlation-polarization energy on the
calculated spectra.

CONCLUSIONS

In the first step we have employed the CCSD linear response method in
combination with Sadlej’s polarized valence triple zeta basis set in calcula-
tions of the electric dipole polarizability and its gradient for four small hy-
drocarbons. The reported CCSD-LR polarizability gradients of methane,
ethene, cyclopropane and propane are to our knowledge the first correlated
values report in the literature for this property. For the static polarizability
of methane and ethene we find very good agreement with previous coupled
cluster results including triples corrections. For propane we have also inves-
tigated the performance of the SOPPA(CCSD) method in the calculation of
the polarizability gradients and found very good agreement with the
computationally much more demanding CCSD-LR results. This makes
SOPPA(CCSD) an interesting alternative for the calculation of polarizability
gradients for large organic molecules.

In the second step we have used the calculated polarizability tensor, to-
gether with its gradient, to construct the long-range part of the correlation-
polarization interaction used in the DMR method. That allowed us to per-
form theoretical modeling of the low-energy EEL spectra for the methane
and cyclopropane molecules. We have found the correlation-polarization
energy to be essential for a proper description of the electron-molecule dy-
namics at collision energies around 5 eV. The agreement of our calculated
EELS with the available experimental data is very good. The DMR calcula-
tions for the other two studied molecules are under development and the
results will be published elsewhere.
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